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ABSTRACT 

The  stresses  and  deflections  in  a  circular,  cylindrical 
shell  loaded  at  each  end  by  a  force  and  moment  applied  through 
rigid  rings  are  presented. 

The  shell  may  be  stiffened  by  additional  rings,  and  it  is 
assumed  that  rapid  changes  in  stress  and  deflection  occur  only  in 
the  axial  direction  in  the  immediate  vicinity  of  a  ring. 


I.  ANALYSIS  OF  A  CIRCULAR,  CYLINDRICAL  SHELL 
LOADED  AS  A  SIMPLE  CANTILEVER 

Consider  the  problem  of  a  circular  cylindrical  shell  loaded  at  each  end  by  a  force  (F)  and  a  moment 
(M)  applied  through  rigid  rings  (see  Sketch  A).  The  shell  may  be  stiffened  by  additional  rings,  but  there  will  be 
no  consideration  made  of  longitudinal  stiffeners.  The  resulting  stresses  and  deflections  will  be  computed, 
assuming  that  rapid  changes  in  deflection  and  stress  occur  only  in  the  immediate  vicinity  of  a  ring  and  then 
only  in  the  axial  direction. 


JPL  Technical  Report  He.  32-64 


Sketch  A 
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d<t> 


a 


dllK 

X 

dx 


+  a  Qx 


0 


_du_  V 

dx  Eh 

dv_  w  W*~V  Nx> 

ad<p  a  ^h 


yx*  = 


du 


dv  2(1  +  v ) 


N 


ad<t>  dx 


Eh 


x<f> 


ux  =  ~  mx  +  VX+)  -  -  Dix*  +  V  jy 
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These  equations  can  be  simplified  as  a  result  of  assuming  the  solution  to  be  separable  into  two 
regions  of  different  character.  The  region  away  from  the  immediate  vicinity  of  the  rings  will  be  termed  the 
“membrane”  region,  as  it  is  expected  that  bending  effects  will  be  unimportant  here.  The  region  immediately 
about  the  rings  will  be  termed  the  “edge”  region  and  bending  effects  should  be  dominant. 
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B.  Tho  "Membrane”  Region 

This  region  is  characterized  by  a  relatively  slow  variation  of  the  dependent  variables  with  respect  to 
both  axial  and  circumferential  directions,  i.e.,  for  all  dependent  variables  (q), 


dq_ 

dx 


-g) 


dq 

—  =  0  (?) 

d<p 


If  (u>q)  is  defined  as  the  maximum  normal  deflection  anywhere  in  the  shell,  the  appropriate  nondimensional 
variables  seem  to  be 


*  = 


u  = 


~  v 
v  =  - 


w 


With  these  variables,  the  general  equations  become 


u>r 
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Thus,  it  is  apparent  that,  as  w  =  0(1),  we  have 
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A.»  *\*  *V»  ~  'Vi  'V  /  ^  \  2 

Mx’  M4>>Mx*’Qx>  ?*.»r0  - 

“>  *.  ***’  **  =  0(1) 

providing  (o/L)  =  0(1). 

For  (A/a)  <  <  1,  we  can  formulate  this  “membrane”  region  solution  in  terms  of  a  parameter  (/ 3 ) 

where 


If  we  assume  the  following  dependency  of  the  solution  on  the  parameter  (fi)  as  fi  -»  0, 


«<>  (A  x,  0)  =  yO")  (*,  4>)  +  fi  fO")  (*,  0)  +  ... 

»  ( A  *,  0)  =  Wq*)  (*.  <t>)  +  fi  V|")  (*,  0)  +  ••• 

«  (A  S',  <P)  =  uj")  (S’,  0)  +  fi  «([»>  (S',  0)  +  ... 

(A  S',  0)  -  „(">  (S',  0)  +  fi  >>  (S',  0)  +  ... 

***  (A  S',  0)  =  »Jj>0  (S',  0)  +  fi*tjtl  (S',  </>)  +  - 
(A  S',  0)  =  ,34  .£>  (S',  0)  +  y85m(”)  (2*.  0)  +  ... 

(A  S',  0)  =  /34  «.j-)0  (S',  0)  +  /35  (S',  0)  +  ... 

(A  S',  0)  =  /34  o  (S',  0)  +  fi5  J  (S',  0)  +  ... 
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Qx  (A  *,  4>)  =  yS4  ql*0  (*•  <*>>  +  9?1  (S'.  <*>)  +  - 

5*  (A  «,  <*>)  =  yS4  9  JO  (*,  0)  +  y35  9  w  (*,  4>)  +  - 
(V*  (A  *,  0)  =  /34  o  (*>  0)  +  (*.  4>)  +  — 

the  general  equations  for  the  ''membrane”  region  solution  become 


dx 


d<t> 


=  0 


a-ir1 

(?0 


V  n 


(m) 

*,0 


a? 


=  0 


5* 


=  2(1  +  v)  n 


(m) 
*<£»  0 


<9uim) 


a<£ 


+  n 


(m) 
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0 


0 


*-&0 


d<t> 


=  0 
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*^,0 
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(!-■/>.  A-ir1 1  ^jr’\ 

4 L  \  dx  dxd4>) 
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d2w(m) 


_  rv 
<?* 


dv £•>  d2w\?>v 
.  d<t>  d(f>2  /_ 


m 


lm)  _ 

<*,0  ~ 
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V  d4> 

d4>2  '  V 
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and  a  similar  set  for  the  second-order  terms. 

C.  The  "Edge"  Region 

This  region  is  characterized  by  a  relatively  rapid  variation  of  the  dependent  variables  over  a  distance 
of  order  (S)  from  a  ring  in  the  axial  direction,  but  a  relatively  slow  variation  in  the  circumferential  direction, 
i.e.,  for  all  dependent  variables  ( q ), 


ii.#  i 

dx  8 


dq 

d4> 


=  o(?) 


Thus,  the  appropriate  coordinates  seem  to  be 


x  -  x. 

<t>,  x*  = - 


where  (x^)  is  the  axial  coordinate  of  the  ring  in  the  vicinity  of  which  we  want  the  solution. 

If  we  assume  the  solution  in  the  “edge”  region  to  be  given  by  the  solution  in  the  “membrane”  region 
extended  in  to  the  “edge”  region  plus  a  correction,  that  is,  take 


u 


= 


(**)  +  (x,  0)  +  (*,  <fi)  +  ••• 
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' v  =  v"^  (**)  +  (x,  0)  +  / 3  (x,  0)  +  ••• 

w  =  w(e)  (x*)  +  rj"5  <x,  0)  +  /3  rjm>  (x,  0)  +  ... 

/Vx  =  )v<e)  <**)  +  »<“>,  (x,  0)  +  /3  «<”*>  (x,  0)  +  ... 

(**)  +  4^,0  <*>  <*>  +  /S-Ki  <*.  <*>>  +  - 

**  =  (**>  +  P*  -Si  (*.  *>  +  - 

?*  =  ?£>  u*.  0)  +  P  (*,<*»  +  - 
5*  =  ?ie)  <**>  <*>> +  £4  4?o  <*>  +  - 
2,*  =  %  <**’  <*>>  +  ^  4V.0  (**  <*>> +  - 

^  (**.  +  £4  "S^o  (*.  <56>  +  - 

"■/x =  4e)  (**»  +  ^4  mx!o  (*»  +  ■■' 

the  general  equations  become 


<9/V<e)  BN(*1 

— —  +  — —  *  0(/J2> 


(?X 


(90 


BN^ 

B4> 


(s)  ’  ~T  ”  ^  +  °(/?2)  =  ° 


BQ^  BQf 
Bx*  +  ** 


Jv<*>  +  0(/96) 


=  0 
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d<p 


+  0(/36)  =  0 


d  4> 


ju(*) 

—  +  + <X/3«)  =  0 

a** 


du 


dx 


=  /V<«)  - 

X 


v  +  0(  /32) 


-  £(e)  =  -  v  +  0(/82) 
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If  we  assume  w  ^  =  0(1),  it  follows  from  these  equations  that 


where,  S  =  0  (  J  aA)  is  the  characteristic  length  of  the  shell. 
In  tenns  of  a  new  coordinate  ( i-) ,  where 


let  us  assume  the  following  dependency  of  the  solution  on  the  parameter  ( /S)  as  /3  -»  0: 

*(e)  (A  4>,  i()  =  (£,,  0)  +  ySF<«)  (0,  £,)  +  ... 

*W(A0,  ff)  =  y32  v<e)  (0,  £,)  +  y03  «/<«>  (0,  £,)  + 

«  (#)  (A  0,  £,)  =  P  (0,  £,)  +  yS2  (0,  £,)  +  - 
*i#)  (A  4>,  £,)  »  /82  »i‘>0  (<*>,  £,)  +  yS3  "i*1,  (0,  £,)  +  - 
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N P  (A  4>,  £,)  =  .ft,  (*.  £,)  *  ft  <*,  ffp  +  - 

(A  *.  =  0-Jj.o  t*.  £,•>  +  /32  »sjtl  <*.  *,)  +  - 

«ie)  (A  <*>.  f,)  =  £2  -i^o  (*,  £,)  +  /33  «i*\  (<*>,  £,)  +  - 

«ie)  (A  <*>,  £,)  =  £2  «£>0  (0,  £,)  +  /?3  (0,  £,)  +  - 

*S  (A  0,  £,•>  =  £3  «$,o  <*•  ^  +  -S.1  <*•  ^  +  - 

5ie)  (A  4>.  Q  -  /3  ?J»>0  (0,  £f)  +  0(/32)  5j>  (A  0.  £,>  =  P2  q{Sl o  <*•  +  O^8) 


On  substituting  this  assumed  form  of  solution  into  the  general  equations,  we  obtain  the  following 


equations  for  the  “edge”  region: 


dnx,)0  |  dnxlo 
d<t> 


dnxJ.O 


d4>  d£t 


0 


dqM 


x.O 


,(«)  _ 
<t>.  0  “ 


(e) 

x.O 


m 


i 

4  dif 


dm^ f)  n 

**’° _ *ll  +  aM 

+  q  4>,0 


**l 


d4> 


0 


dm[e\ 


x.O 


? 


<•> 

*,0 


m 


V  m 


(e) 
*.  0 
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+  ,  ju  *  „)  .»« 0 


50  5f. 


ip(e)  _ 
*0  ~ 


«(e2  «  = 
*4>.0 


i  _  „  a2ir^> 

4  505^. 


Thus,  in  principle,  the  solution  in  the  “edge”  region  is  given  by 


u  -  n|)'n)  (x.,  0)  +  0(/3) 
w  =  IT<m)  (*.,  0)  +  f<e>  U.)  +  0 (yfl) 
/V,  =  (*,,  0)  +  0(>9) 

^  =  'So  (^i’  *>  +  °^> 

5*  =  /34:)o^’^>+°</82> 

«*  =  /32  "So  (0.  £f)  +  0(  >S3) 


v  =  rjj"*5  (*f,  0)  +  0(/3) 


*U  =  4*1 0  (*i>  +  «(/3) 

o  w.^  +  o(/s«) 

2,*  -  «Si,0  <*•  ^ +  °^4) 

2,  =  £2  »i!o <<*>•  £P + 


D.  General  Solution 


In  order  to  insure  the  proper  symmetry  with  respect  to  (0),  let  us  assume 


4*,0  =  Z  ^  sin  =  c0n8tant- 


The  remaining  functions  of  the  “membrane”  region  become 
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„(»)  = 
n*,0 


(£)  Z  <B" 
\  a  /  n  *0,  ••• 


+  n  An  x  )  cos  n<t> 


2  X 

\o/  n  30,  •••  \  2 


+  B„x  -t-  C.  cos  n  4> 
n  nr 


Am) 


(L)  1 
\  a  /  n  *0,  ••• 


+  +  Dn 

n  n  . 


lin  n  0 


r<”)  ,  (_L\  X 

\  a  /  n  “  0,  ■ 


n/1  (2  +  v)  *  -  vB  -  n*  [  — 
n  n 


2  /  nAjc  3  B  lc  2 


B  n 

- +  - +  Cx  +  D. 


6  2 


n  n 


cos  n  4> 


Similarly,  if  we  assume  the  radial  deflection  in  the  “edge"  region  to  be  proportional  to  (cos  n  <f>),  it  follows 
that  W{Qe)(4>,  g.)  is  the  solution  of 


d  4r<e) 

— —  +  4  rf*  =  0 


or. 


£()  = 


X  cos  +  Fni  sin  g.)  +  e  (CB|.  cos  sin  £,)] 

n  »(),••• 


•  cos  n<p 
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The  remaining  functions  of  the  “edge”  region  become 


w0 

a 

arj0' 

fia 

«,  ' 

a* 

•  X  y  *  t£n»  (cos  ~  sin  ^  +  Fni  (cos  +  sin  ^ 
"  *0>  *•' 


+  e  *  [  —  Gni  (cos  g.  +  sin  g ^  +  H B|.  (cos  ^ i  -  sin  cos  n<t>  + 


’ito  =  _  ~  ^  (  “  Eni  sin  +  Fni  cos  +e  ( Gni  sin  i; .  -  cos  £,)]  cos  n<£ 


2  n  -0,‘ 


E.  Problem  I 

Let  as  apply  the  above  solution  to  the  problem  illustrated  in  sketch  A  (page  2),  but  omit  the  inter¬ 
mediate  rings.  The  constants  of  integration  must  be  chosen  such  that,  for  the  particular  value  of  (x.)  the  “edge’ 
region  solution  dies  out  as  distance  from  the  edge  increases,  and  the  following  boundary  conditions  are 
satisfied. 


u  =  0 
v  =  0 
w  =  0 
V  =  0 


*  =  0;  =  -  =  0 


u  =  a  a  cos  4> 
v  =  8^  sin  4> 
w  =  cos  <fi 
V  =  a  cos  4> 


r  ,  x  -  L 

*  =  £,£,  = - -  o 

/So 


Thus,  to  first  order, 


C,  cos  n<p  m  0 

FI 
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^  Dn  sin  n<p  =  0 
n  «0,  ••• 


f— )  Z  -  V  Bn  -  n2  f-^\  Dn  cos  n<t>  +  £  C„o  C08  n<^  =  0 

\a  /  n  ”  0,  •••  \a/  »*<),••• 


Z  (//n0  -  GnJ  009  =  0 

n  *0,  ••• 


H2  Z 

(-)  X  ' 


+  B  +  C_  I  cos  n<fi  =  - ]  cos  <b 

n  n  I  r  r 


2(1  +  v)  A 


■-& 


2  nA*  s»  „  \  .  8*  . 

I  -  +  -  +  Cn  +  D  I  sin  n<p  =  -  sin  <p 

\  6  2  )  wn 


(-)  1 

\  a  /  n  »0,  ••• 


nAn  (2  +  v)  -  vB 


•-'0 


2  / n^n  Bn  \ 

I  - +  -  +  Cn  +  Dn  )  cos  n  <p 

V  6  2  / 


Z  £„i  c°s  =  i  -  - ) 
n  *0, •••  \w0/ 


cos  (p 


Z/oa\ 

(£nl  +  fnl)  cos  n4>  =  £  - j  cos  <p 

n  ■  0,  •••  V^O/ 


where,  £  F  -,  G  ,  are  taken  equal  to  zero, 

nir  nu  ni  m  * 

These  equations  represent  eight  equations  in  the  eight  unknown  constants  of  integration  for  each 
value  of  (n).  As  the  sets  are  homogeneous  for  all  (n,  n  ^  1)  only  the  constants  A  j,  B  V  CV  DV  EIV  Fl 
G  jo ,  H  j0  may  be  non-zero.  Therefore,  as  (S^/k'q),  (a a/w^)  =  0(1),  the  above  set  of  equations  leads  to 
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In  order  to  relate  the  deflections  (8^,  a)  to  the  applied  force  ( F )  and  moment  ( M ),  let  us  consider  the 
equilibrium  of  the  left*hand  side  of  the  shell,  as  shown  in  sketch  B. 
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Sketch  B 


If  the  segment  of  the  shell  under  consideration  is  of  length  (/),  where  /  >  >  8,  the  stresses  will  be  those 
given  by  the  “membrane"  region  solution,  and  the  requirement  of  equilibrium  leads  to 


/°2tt 

i  '■ 


F  =  /  N %<^(x  =  l )  a  d4>  sin  0 


+  FL  =  /  [Nx(x  =  /)  a  cos  0  +  N x<^(x  =  /)  /  sin  0  ]  a  d  0 


Eh  WQ  /  r  \ 

/v,  - - J  (Bj  +  dj*)  cos  0 


'*d>  "  "1 

a 


<4 1  •  sin  0 


M 

F  +  — 


Sl  =  - 


TrEh  wr 
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Therefore,  it  follows  that 


nEah 


and 


„  i 'M 

En  = 

nEah 


In  the  summary,  the  solution  in  the  "membrane  region  is 


L  cos  4> 

M  _  /  x  \ 

-  • 

-+F  (1 

7 ra2 

L  \  L/ 

•  cos  <t> 
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F.  Problem  || 

As  a  modification  to  the  previous  problem,  let  us  consider  the  effect  of  adding  a  ring  at  the  inter* 
mediate  point  [  x’  =  m;  m,  (m  -  1)  >  >  8/ L ] .  By  idealizing  the  ring  as  a  rigid  diaphragm,  i.e.,  the  ring 
offers  no  resistance  to  warping  of  the  plane  of  the  ring,  but  infinite  resistance  to  distortion  out-of-round,  the 
shell  must  be  separated  into  two  regions,  as  shown  in  sketch  C,  with  the  following  conditions  on  the  solution 
at  the  interface 


it,  v,  w,  V,  ,  Ng  ~  continuous 


v  =  S^r  sin  4>,  w  =  8^r  cos  4>  (circularity  conditions) 


where  ($/,,)  is  the  vertical  deflection  of  the  intermediate  ring  center-line. 
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*~mL 

/  ^ 

1 

’ F 

^  fc.  - r 

Sketch  C 
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As  in  Problem  I,  the  additional  conditions  on  the  solution  are  that 


u 


o=0 


w  =  0 


V  =  0 


J 


u  =  da  cos 


V  =  a  cos  <f> J 


and  the  ‘‘edge”  region  solutions  must  die  out  as  distance  from  each  edge  increases. 

If  we  denote  with  a  superscript  (1,  2)  the  constants  appropriate  to  regions  (1,  2)  respectively,  and 
introduce  the  coordinates  of  the  “edge”  regions  as, 


x  -  L 


<  o 


the  solution  can  be  written 


+ 


cos  n 


(0  <  *  <  m) 


*oe)  =  X  X  h*1  008  +  8iB  +  e  cos  €i  +  ■»“  £/)3  cos  n<t> 

im0,r  n  *  0,  ■ 

(0  <  *  <  ■) 
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and  so  on  for  Region  1;  and  similar  relations  with  the  superscript  (1.)  replaced  by  (2.),  and  the  summation  on 
(t)  replaced  by  (t  =  r,  1)  for  the  solution  in  Region  2. 

On  substituting  this  assumed  form  of  solution  into  the  boundary  conditions,  we  obtain 


^  Cj^  cos  n  <fi  =  0 
n  *0,  ••• 


y.  s*n  n<t>  ~ 

n  *0,  ••• 


L  „«<»  .  n2  /J 

2  D<1>‘ 

VJ  L  B  l 

oJ  "  J 

X  (ffi„ 0  -  C08  = 


n  -0,  • 


-H  s 

\  a  /  n  =0, 


2  v->  /  \  /  ao 

- +  +  C<2>)  cos  n0  =  (  - )  cos  <t> 


/  I  \  r' 

/ 

\  2  (ni™  \] 

(-)  ^ 

2(1  +  v)  /l^2)  -  n  (  - 

\  a  /  n  =0, 

\ 

a  1  \  6  2  / 

sin  n  0  =  -  sin  0 


/ 

r  \  2  / 

*i2)  \ 

)  £ 

nd*2*  (2  +  v)  -  -n2  f - 

-)  (  *  « 

/  B  *  0, 

' 

o/  \  6 

2 

cos  n0 


*  I  *<?  cos  n0  =  ( -  |  cos  0 

a  "0,  •••  \w0  j 
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I 


(E^l  +  F*ff)  cob  n<p  =  fi 


cos  4> 


1  (— - 
n  -o,—  \  2 


\  V  / nA <»  m2  \ 

+  fij^  m  +  Cj^M  cos  n<f)  =  (  -  +  B^  m  +  cj^J  cos  n<f> 

}  nm0,“-  \  2  / 


I 

n  -0,  < 


/  ,  ,  2  /.A™  m3  S<»„2 

2(i  +  v) . x«> - . f -j  (— — + - —  +  »c<».d;»] 


n  n 


sin  n<p 


1 

n  *0,  ■ 


2(1  +  v ) 


mA ' "  (t) 


L  \  2  ( b42)  *3  fi£2)  «2 


+  .  c<2>  +  d<2> 

n  n 


sin  n<f> 


nA (2  +  v)  m  -  vS*1*  -  n2 


*<»  m2 


+  mCi1)  +  Di1'} 


cos  n<f) 


+  X  *<» 


cos 


n  ■<),• 


=  X  f  ^  b^2)  (2  +  v)  ■»  -  vB^2)  -  n2  ^ 

n  -0,—  \  o  /  \  a  / 


'»,4<2)  m2  Si2>  m2 


+  mCi«+Di2> 


i»  n 


cos  n</> 


+  ^  cos  n<f> 

it  *  Of  ••• 


X  +  fJV)  co*  n<t>  =  X  (tf*2)  -  c^2))  cos  n  4> 
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^  (F^  cos  n<p)  m  ^  ( —  )  cos  n  4> 

n  *0,  •••  n  m0,  ••• 


Z  «(»  +  nm  <»i  cos  n<f> 
n  «0,  ••• 


i  ««>  +  nm  cos  n  4> 
n  “0,  •• 


2(1  +  v)  -  n 

IB 


«“>  m2 

- - +  mC™ 

n 


+ 


sin  n$ 


sin  4> 


1 


adj;1*  (2  +  v)  m  -  vB{V 

n  n 


fit!)  IB2 

- - +  .C<»  +  D?> 


cos  n<t> 


+ 


X  cos  n<fi 

n  m  0»  ••• 


cos  4> 


where 


*8  -  C  -  o  *8  -  rff  -  * 

c«>  ,  *»  .  0  c<?  -  »<?  -  0 


in  order  that  the  "edge"  region  solution  dies  out  properly  as  (  |  | ) 
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The  above  equations  represent  n-aets  of  equations  of  sixteen  equations  each.  As  all  sets  for 
(n,  n  1)  are  homogeneous,  it  is  only  the  solution  corresponding  to  (n  =  1),  that  is  non-zero.  On  making  the 
substitution  (n  =  1),  the  solution  can  be  obtained  by  inspection  to  be  given  by 

C["  =  D<»  =  C<2>  =  D<2>  =  0 
A™  =  A[»  =  S<2> 

«iS  -  C  •  (y) 

n?  -  -  *(,? 

^ .  C<»  -  #«>  -  -  f<;» 

where 

^>>  «<>>,  £<«,  £<;> 

are  the  solutions  of 
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On  comparing  these  equations  with  the  corresponding  ones  of  Problem  I,  it  is  apparent  that  the 
solution  to  this  problem  is  given  by  the  solution  to  Problem  I,  with  the  superposition  of  the  local  “edge” 
region  solution  at  (x  =  m).  Thus,  in  addition  to  the  results  given  in  Sec.  1-C  and  I-D,  we  have  the  following 
bending  corrections  to  be  superposed  on  the  “membrane”  region  solution  at  (x  =  m): 


w  =  — 


vL 

irEah 


jfU  -  m)  +  — j  •  e ^  T 


(cos  -  sin  cos  <t>  (x'  <  m) 


vL 

7 rEah 


[M  "I  ^ 

F(1  -  m)  +  — I  •  e  r  (cos  +  sin  £f)  cos  <t>  (*  > 


m) 


-  -  -  -  Hx  -  -  0 


»♦- 


vL 


7Ta 


|f(1  -  m)  +  — j  •  e^r  (cos  €r  -  sin  cos  <t>  (x  <  m) 


vL 


Tta 


jV(l  -  m)  +  — •  e  ^ r  (cos  gT  +  sin  £f)  cos  4>  (x"  > 


m) 


Mx~- 


vLp 


2na 


vL  (P 

2tto 


|f(1  -  m)  +  — *J  •  e^r  (cos  +  sin  £f)  cos  4>  (*"  < 

[Ml 

F(1  -  m)  +  —  I  •  e  r  (cos  -  sin  £f)  cos  4>  (x  > 


m) 


m) 
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II.  DISCUSSION 

The  proceeding  analysis  presents  the  stresses  and  deflections  of  a  circular,  cylindrical  shell  loaded 
through  rigid  rings  as  a  simple  cantilever.  It  was  shown  that  the  presence  of  intermediate  rings,  idealized  as 
rigid  diaphragms,  had  no  effect  (neglecting  terms  of  order  /3  compared  to  unity)  on  the  stresses  and  deflections 
of  the  shell  except  in  the  immediate  vicinity  of  the  rings.  The  axial  stress  can  be  shown  to  be  given  by 


These  coefficients  will  be  recognized  as  those  obtained  using  Elementary  Beam  Theory  if  the  shear  correc¬ 
tion  is  made.  However,  this  same  theory  predicts  only  the  leading  term  in  the  expression  for  (a^).  Thus,  the 
maximum  axial  stress  is  approximately  50%  higher  than  that  given  by  Elementary  Beam  Theory. 

Finally,  though  this  analysis  was  applied  only  to  circular,  cylindrical  shells,  it  essentially  points 
out  that,  for  the  general  shell  of  revolution  that  is  not  shallow,  a  satisfactory  solution  for  thin  shells  can  be 
obtained  by  superposing  the  solution  derived  above  for  the  "edge’'  region  on  to  the  "membrane"  region 
solution  appropriate  to  the  given  shell  under  consideration. 
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Appendix  A 

Deflections  of  a  Rigid  Ring 

Let  as  define  (u,  v,  w)  as  the  displacement  components  of  a  point  on  a  rigid  ring  normal  to  the  ring 
plane,  tangential  to  the  ring  center  line  and  normal  to  the  ring  center  line  in  the  ring  plane  respectively 
(See  Fig.  A-l).  If  the  ring  centroid  is  given  a  displacement  (Sfl)  normal  to  the  ring  plane,  (8^)  parallel  to 

the  x '  -axis  and  a  rotation  (a)  about  the  y '  -axis,  it  is  evident  from  sketch  A-l  that  the  displacements 
(u,  v,  to)  become 

u  =  8o  +  aa  sin  4>  v  =  -  8^  cos  4>  w  =  8^  sin  4> 

where  (a)  is  considered  to  be  small,  i.e.,  a2  <  <  1, 


Sketch  A-l 
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Appendix  B 

Boundary  Condition  on  (V) 

Consider  a  point  on  the  boundary  of  a  shell  of  revolution  at  which  we  construct  a  unit  vector  (•) 
tangent  to  the  local  meridian  (see  a  of  sketch  B-l).  If  this  vector  is  rotated  about  an  x*axis  lying  in  the 
horizontal  plane  at  an  angle  ( 8 )  to  the  meridian  plane,  the  angle  of  rotation  (F )  of  this  tangent  vector  in  the 
meridian  plane  can  be  shown  to  be  given  by 


V  =  a  cos 


a  sin  8 


It  is  evident  from  b  of  Fig.  B-2  that  the  projection  of  the  unit  vector  on  the  (y,  z)-plane  is  a  vector 
(si),  where 


The  rotation  of  the  vector  (•)  about  the  x-axia  through  an  angle  (a)  results  in  rotating  the  vector  (m)  to  a 
new  position  (si  * )  where  [m  |  »  |m  *  j.  If  we  define  an  angle  (j3)  such  that  tan  /3  -  tan  0/sin  8,  the 
change  in  (s)  will  be  As  *  |m  |  a  (-  og  cos  /3  +  oy  sin  /3),  where  s^,  sy  are  unit  vectors  in  the  (z,  y) 

directions  respectively.  As  • y  *  *R  cos  6  +  sT  sin  8,  where  (*T,  «n)  are  unit  vectors  lying  in  the  (x,  y)- 

plane  but  tangential  and  normal  to  the  meridian  plane  respectively  (see  e  of  Fig.  B-2),  the  change  in  (a)  can 
be  resolved  into  components,  one  lying  in  the  meridian  plane  (A«r),  and  one  lying  in  the  horizontal  plane 
normal  to  the  meridian  plane  (A«n),  that  is 

A  •  =*  A  sT  +  A  on,  A  or  =»  |«  |  a  (-  •  cos  /3  +  #r  sin  /3  sin  8) 

A*n  -  |m|  a  (•„  sin  ft  cos  8) 
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Since  the  angle  ( V )  is  defined  as  the  angle  between  (a,  a  +  A  a^J,  we  can  write  the  vector  product 


a  x  (a  +  Aar)|=  |a  |  |a  +  Aar|  P 


With  a  =  a^  ain  <t>  +  ar  cos  0,  it  follows  that 


a  +  4af  =  (ain  <t>  -  m  a  cos  /3)2  +  (cos  4>  +  |m  |  a  sin  /3  sin  0)2  =  1  +  0(a) 


a  x  (a  +  4af)  =  a  x  Aar  =  |m  a  cos  fi  (sin  <fi  tan  /3  sin  9  +  cos  4>) 


-  a  sin  9 


Finally,  V  =  a  sin  9  [l  +  0(a)]  «  a  ain  9t  a  <  <  1. 
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